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PREPACE

This report is a result of RAND's continuing study in communications
and propagation. It is prompted by the need to develop new and efficient
modulation techniques which will make better use of existing equipment
and available bandwidth. This report reveals a new type of frequency
modulation (FM) that retains many of the advantages of existing FM vhile
reducing the bandwidth needed, A patent disclosure is contemplated. The
report should be of interest to agencies and contractors concerned with

the design and application of FM in communications systems.



SUMMARY

This report offers a rather general and mathematically convenient
formulation of analog-modulated signals which makes use of the analytic
signal concept. Known types of modulation are readily identified as
special cases. As a result of examining the various cases which the
model embraces, a new type of modulation has been discovered--single
sideband frequency modulation (SSB FM)--which can be derived from a con-
ventional phase-modulated signal by an additional amplitude modulation,
using the exponential function of the modulating signal's Hilbert trans-
form. The resulting modulated signal will have a one-sided spectrum
about the carrier frequency, will be competible with existing FM receivers,

and will cause a decrease in signal bandwidth.
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I. INTRODUCTION

Recent studies of compatible single sideband (SSB) modulation systems
have stimilated interest in the theoretical aspects of simultaneous ampli-

%*
tude and phase mdula.tion.(l'h)

These studies are notable for at least
two reasons which are not connected with the specific application. Mirst,
they underscore the fact that although amplitude and phase modulation are
distinct techniques, they have an intimate connection. Second, theoretical
studies invariably introduce the Hilbert transtoz'm(5’6) sooner or later
and become, in fact, applications of the "analytic sigm.l."”’a)

Other studies dealing with various types of signal and noise wave-
sorme (9"12) purther attest to the growving utility of the analytic signal
representation as a theoretical device. This paper considers the applica-
tion of the analytic signal to Baghdady's representation of analog modula-
tion(l3) in order to obtain a more general formulation wvhich embraces
known types of analog modulation and in vwhich signals having one-sided
spectra are implicit.

*This list of references is by no means complete. The first three
are merely the most recent which have come to the author's attention.
Lyannay (Ref. 4) reviewed the previous literature giving numerous refer-
ences and pointed out that the notion of simultaneous amplitude and phase
modulation originated with Tetel'baum in 1937. Additional references are
given by Kahn (Ref. 3).



1I. THE ANALYTIC SIGNAL

Basically, the analytic signal is a complex function of a real
variable whose real and imaginaxry parts are a Hilbert pair. In practice,
the actual vaveform under consideration is identified with either the
real or the imaginary part of the analytic signal; the analytic signal
is then simply substituted for the actual signal for the purpose of
snalysis.

Frequently the result is a more convenient and compact notation
vhich can be used in convolution integrals or in conjunction wvith transfer
functions in the same fashion as the real signal and vhich, in addition,
has several interesting and useful properties:

1) The Fourier transform of the analytic signal vanishes for
negative frequencies (also, the real and imeginary parts have
identical power spectra).

2) The magnitude of the analytic signal is the envelope of the
actual wvaveform. Though defined purely mathematically, the
envelope has physical significance for narrov-band signals.

3) The phase of the analytic signal is equal to the phase of the
actual vaveform.

It 1is clear from the foregoing that the analytic signal is simply
s formalized version of the "rotating vector” or "phasor” that is fre-
quently used in circuit analysis and studies of communication systems.®
The theoretical Justification of this representation is gratifying because
it brings to light some of the otherwise unsuspected properties listed
above as well as eliminating the need for its intuitive introduction.
Details of these properties are given in Refs. 5, 7-12, 15, and 16.

*m date at which the rotating vector was introduced is difficult to
determine precisely. Many of the modern concepts associated with analysis
of FM and SSB systems are given by Wheeler (Ref. 14).



III. THE MODULATED SIGNAL

While the actual processes employed in generating an analog-modulated
signal may differ considerably for various types of modulation, the re-
sulting signal appears representable as the product of two time functions,

viz,.,
s(t) = c(t) m(£(t)) (1)

vhere ¢ is a function representing the carrier and m is the modulation
functional representing an operation on the modulating signal f. The
form of Eq. (1) has the advantage of mathematically disassociating the
operation of providing a carrier from that of characterizing the actual
modulation technique.

THE CARRIER FUNCTION

The purpose of the carrier function in Eg. (1) is to transfer the
intelligence spectrum to a frequency region which is more suitable for
propagation. The effect on the resulting spectrum is seen from the Fourier
transform of the product(n) in Eq. (1),

S(2) = [ C(uIM(xmu)au (2)

If the carrier is a narrow-band waveform as might be emplayed for
noise modulation, then the convolution expressed in Eq. (2) results in a
spreading of the signal band as well as its translation to the vicinity
of the carrier frequency. If the carrier is a pure sinusoid, then a

simple frequency translation is effected and Eq. (2) becomes
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S(w) = 3 [Mumug) + Mlurw,) | (3)

If the carrier is written as an analytic signal whose spectrum,
therefore, exists only for positive frequencies, then the frequency trans-
fer is only toward the rositive frequencies as illustrated in Figs. la
and 1b for v > 0. Whether or not s(t) is in turn analytic depends on
the spectral extent of both c(t) and m(t), the test being whether or not

S(») vanishes for w negative.

THE MODULATION FUNCTION

Usable modulation functions must be limited, of course, to those
which yield modulated signals amenable to subsequent demodulation. The
techniques currently available are: ccherent (amplitude) detection in
wvhich & replica of the carrier function is used to render the amplitude

of the modulation function, phase or frequency detection in wh’'ch the

oscillatory character of a narrow-band modulated signal permits an
approximate measurement of its phase or frequency, and envelope detection
in which a suitable rectifying and filtering network can yield an approxi-
mation to the envelope of a narrow-band modulated signal. Thus, the
modulation function must cause the modulating signal to appear (though not
necessarily linearly) in either the amplitude, phase/frequency, or
envelope of the modulated signal. The linear and exponential functionals
are unique in their ability to produce just these effects and are, there-
fore, the only ones considered here.

As night be suspected, the linear functional corresponds to amplitude

modulation. The exponential functional, however, corresponds not only to
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the familier phase modu.lation* but also to the emergent technique of
similtaneous amplitude and phase modulation which may be better charsc-
terized as envelope modulation. The latter will be discussed in greater
detail in a subsequent section.

If the modulation function is written for the analytic as well as
the purely real modulating signals, then both the SSB and double sideband
(DSB) forms of modulated signal appear. The SSB form results, of course,
from the fact that an analytic function m of an analytic function f 1is
itself analytic and therefore has a spectrum which vanishes for negative
frequencies. Frequency translation by the carrier function then results
in a modulated signal which has only an upper sideband. A one-gsided
spectrum having only a lower sideband can be generated by using the com-
plex conjugate of the analytic function f, since its spectrum vanishes

for positive frequencies.

*No generic differentiation need be made between phase and frequency
modulation since they differ only by a linear operation (differentiation
or integration) on the modulating signal. Frequency modulation can be
obtained by phase modulating with the integral of the aodulating signal
and conversely using differentiation.



IV. HARMONIC-CARRIER SYSTEMS

The modulated signals resulting from the foregoing modulation

functions are best illustrated by using the harmonic analytic carrier

iw t
e ° in Eq. (1). For each modulation function m(t) a complex modulated

signal s(t) results. Vhen analytic, both its real and imaginary parts
are valid representations of the actual modulated signal, and its meg-
nitude gives the envelope. The modulating signal is denoted by £(t) and

A
its Hilbert transform by f(t).

LINEAR (AMPLITUDE) MODULATION

Double Sideband

m(t) = 2£(t)
s(t) = f(t) cos wt +1 £(t) sin o t (%)

[s(t)] = z2(¢), Wy 2 B

The representation of a conventional amplitude-modulated signa.l*

is immediately apparent in Eq. (4). It is analytic for w,

W oy 18 the highest angular frequency component in £(t), a8 noted doth

>w __, vhere

by mmm(9) and by wozencra.tt.(ls) Coherent detection can recover £(t)
exactly for all Wy * Theoretically, the signal must be analytic to permit
envelope detection; practically, it must also be narrow-band.

*'J.he carrier is suppressed in this representation, but the distinction
is trivial since it 1s easily inserted bty adding a constant to m(t) in
Eqe. (4) and (5).



Single Sideband
A
m(t) = £(t) +1 £(t)

- A
8(t) = Lr(t) cos w t - £(t) sin mot]

) (5)
+1 [t(t) sin w_t + £(t) cos wot]

1l/2
sl = [+ B, w50

That Bg. (5) represents a SSB amplitude-modulated signal is easily
shown by noting that cos at and sin at are a Hilbert pair, so the Fourier

A
series representations of £(t) and £(t) are

£(t) = }_.cn col(wnt + gon); ?(t) = Z . un(wnt + tpn)
n=o0 n=o

Thus, Bg. (5) can be written

[}
s(t) = 2 n CN[(wn + wo) t+ ‘Pn] + 12 c, sin[(wn + "’o) t+ q’n]
n=0 n=o
where the simple translation of all frequency components by an amount
W, is apparent. The representation is analytic for all values of w, > (o}

and only coherent detection can recover £(t) exactly.



EXPONENTIAL (PHASE) MODULATION

Double Sideband

m(t) el 2(t)

s(t) = cos [mot . f(t)] +1 sin [%t + r(t)] (6)

|s(t)| = 1, Wy >> Qpay

The conventional representation of phase modulation is apparent in
Bg. (6); it is designated as ISB to emphasize that the spectrum is two-
sided about w . Even if the modulating signal £(t) is bend-limited, the
exponential operation used in generating m(t) assures that it will have
a spectrum of infinite extent in both positive and negative directions.
Shifting the center frequency to R cennot, therefore, produce & spectrum
containing only positive frequencies so, as noted also by Dugundji, ‘ld)
the representation is not analytic. In a practical sense, of course, it
is known that the spectrum falls off rapidly beyond some frequency. Thus,
the representation can be taken approximately to be analytic if the center
frequency is high compared with the highest significant freguency component
Cax 18 m(t).

Single Sideband
n(t) JAlr(t) +1 /1\’(1;)]
A . A
s(t) = e-i(t)“’[“’ot N f(t)_i .t e-r(t)sm[wot \ f(t)] -
ls(t)] = e f(¥) ’y wy>0
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The modulated signal given by Eq. (7) appears to be novel. Since
the modulation function is now analytic, it contains no negative fre-
quencies (though the spectrum still extends infinitely in the positive
direction). Thus, s(t) is analytic for all values of wg > 0.

By analogy with By. (5), the modulated signal given by Bg. (7)
represents a SSB version of phase modulation since it contains no fre-
quency components below Wy The implication is that, though the in-

stantaneous frequency
& 3 + ’
Yinst ’ dat Yo f(t)

has the same excursions for both Egs. (6) and (7), the multiplicative
-?(t)

factor e causes the lower sideband to disappear in Eq. (7). T
demonstrate that this is indeed the case and, also, to gain insight as
to the effect on the upper sideband, consider frequency modulation Wy

the single sinusoid
f(t) = ((cos u t

vhere {; is the peak frequency deviation. The phase function and its

Hilbert transform become
G A 9
£(t) = . sin gyt , £r(t) = --u-;cosmt

vhere (i/u is the deviation ratio or modulation index.

The modulation function in Eq. (7) becomes

A ®
10e(t) + 1 £(t)] q dwt] 1 0K ikt
- e coff o] - T A ON



yielding the analytic modulated signal

n(t) el®%*

Elf (%)k ellwg + ko)t

T o

The actual modulated signal may be taken as the real part or

e"?(t)coe[wot + r(t)] = Z l?lf %)kcos(wo + ko)t (8)

k=0

from vhich the one-sided nature of the spectrum is clea.r.* The mean-
square value of the amplitude factor is I o(2(%) 8o the ratio of peak-to-
average powver over the modulation cycle becomes

ezg/ 10(2%)

A conventional frequency-modulsted (FM) signal using the same modulating
signal has the familiar expansion

cos[mot + t(t)] . 2 Jk(g) cos (w, + ku)t (9)

k--ﬂ

*It would be difficult to find a more striking example of the
mathematical simplicity afforded bty the use of the analytic signal than
that demonstrated by the development leading to the Fourier series ex-
pansion given by Eq. (8). The conventional approach is to multiply the

]

2(t) _

Fourier series expansion e 2 In(%) cos nut by that for

N==

cos[w _t + £(t))] given by Eq. (9) and then reduce the double summation;
needléss to say, the procedure is quite tedious.



The line spectra of Eas. (8) and (9) are plotted in Fig. 2 for
several deviation ratios. The component magnitudes have been adjusted so
that the spectra represent signals of equal average pover. Generally
speaking, the cancellation of the lower sideband is accompanied by an
extension of the upper sideband. Nevertheless, the "width" of the one-
sided spectra appear reduced by roughly one-third.

The one-sided signal can be generated from a conventional phase-
modulated signal by forming the Hilbert transform (by means, say, of a
n/2 phase shifter) and amplitude modulating with the exponential; limiting
in the receiver will then restore the lower sideband and permit the use
of a conventional discriminator. However, the nev threshold behavior

is not clear.

Double Sideband

n(t) = ¢8(%), g(t) = o log £(t), £(t)> o0
s(t) = £9(t) cos wot + 1 £2(t) sin wet (10)
[s(t)]| = fa(t), W 2> {Lgy
The intermediate function g(t) is introduced in order to produce the
desired modulated effects in Eq. (11). The difference between Eg. (4) and

Eq. (10) is obviously trivial and the latter has been included mainly for

completeness; they are, of course, identical for o = 1,



Conventional FM
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Single Sideband

A ‘
n(t) = o[8(t) + 18] ooy o ;10 2(t), £(t) > 0

s(t) = £%(t) cos [“’ot +a @]
(1)
+1 £(t) sin [wot ‘o Qt(\t)]

ls(t)] = £%(¢), wy > O

The SSB version given by Eq. (11) is related to Bg. (7), from which
it can be derived by considering the logarithm of the modulating signal.
The reason these two classes of exponential modulation have been made
distinct here is that Egs. (6) and (7) contain the modulating signal in
the phase of the modulated signal, while Eqs. (10) and (11) contain the
modulating signal in the envelope; hence, the designations.

The exponent o is important because of the relationship which the
choice of its value as either 1 or 1/2 bears on the question of compatible
$SB modulation. Povers ) considers the case o = 1/2 so that the modula-
ting signal is contained in the square of the envelope, thus requiring
a square-lav envelope detector for distortionless reproduction. Since
it is this case vhich produces a modulated signal having the same spectral
wvidth as a conventional SSB signal, he concludes that true compatibility
(1.e., a system usable with a linear envelope detector) is impossible.

Lyannay )
case Optimal Amplitude and Phase Modulation (OAPM) for Square-Law Detec-

reaches the same conclusion and, incidentally, labels the

tion. He also considers o = 1 or QAPM for Linear Detection and points
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out that this modulated signal occupies a bandwidth just twice the maximum
modulating frequency and that it is compatible with a linear envelope
detector.
Naturally, there would be no advantage to a compatible SSB system
wvhich has the same spectral width as a conventional DSB system, but
Lyannoy adds that the bandwidth can be halved in practice by suitable
filtering because of the characteristics of speech. This derives from
the fact that "a real signal has components whose modulation depth approaches
100 per cent only in the range up to 1500 or 2000 c/s, the modulation depth
decreasing rapidly thereafter.” Hence, removal of the upper half of the
signal spectrun permits the large-modulation-index, low-frequency components
to be received without distortion; while the small-modulation-index, high-
frequency components are received with a small but tolerabdble distortion.
kahn(3) makes virtually identical observations with regard to his
Compatible SSB (CSSB) system, but it is outside the scope of this study to
meke a comparative analysis. It is apparent, however, that the two systems
have a close fundamental relationship.



16

V. CONCLUSION

It has been shown that analog-modulated signals are representeble in
general as the product of a carrier function and a modulation function.
When an analytic signal is chosen for the carrier, its effect spectrally
becomes one of translating the signal spectrum to the vicinity of the
carrier frequency. The process is one of pure translation when the
carrier is harmonic, exp( iz.ot), or one of translation plus spreading when
the carrier has a finite spectral extent (i.e., when noiselike).

The useful forms of the modulation function are the linear and ex-
ponential functionals from which three classes of modulated signals can
be derived, viz., amplitude, phase, and envelope modulation. Within
these classes, the use of the purely real or analytic signal forms of the
modulating signal leads natura..y to the DSB and SSB (i.e., two-sided
and one-sided) spectral forms, respectively, of the modulated signal.

The existing familiar forms of modulation are readily identified
within the above structure. In addition, a new form of modulation which
may be called SSB FM is revealed. It can be derived from a conventional
phase-modulated signal by an additional amplitude modulation using the
exponential function of the modulating signal's Hilbert transform. The
resulting modulated signal will have a one-sided spectrum about the
carrier frequency and be compatible with existing FM receivers. The
advantage is a decrease in signal bandwidth; the disadvantage, the loss
of a constant transmitter output level.

From a practical viewpoint, this form of FM may find little accept-

ance in wide-band systems, not only because of tle unfavorable peak-to-
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average power ratio required of the transmitter, but-also because of the
lack of any particular pressure to conserve the radio spectrun at present
in services, such as broadcast FM or specialized military and civilian
cormunication systems.

On the other hand, same of the bands assigned to public use are quite
crowded and users are therefore disposed toward modulation techniques
vhich make more efficient use of the available spectrum. A compatible
narrow-band SSB FM system of the type described here may prove useful in
such applications by narrowing the signal bandwidth for a given modulation
index without sacrificing the "improvement" or the immunity to impulse
noise associated with FM. The peak-to-average power ratio of a narrow-
band SSB FM signal may prove an acceptable burden in that case.

Observation of the comperable (i.e., SSB) form of envelope modulation
comnends Powers' suggestion of the application of the non-compatible,
square-lav type of envelope modulation (n = 1/2 in Eq. (9)) as a means of
SSB data tnnsmiuion.(‘a) Conventional SSB is adequate for speech or
music because of the well-known tolerance of the human ear for phase or
even frequency errors in reproduction. However, data waveforms must be
reproduced without such errors, so exact carrier re-insertion is required
(a procedure which is frequently difficult). The fact that the modulating
signal is contained in the envelope of Eq. (9) indicates that square-law
envelope detection should result in distortionless reception, thus obvia-

ting carrier re-insertion without sacrificing spectral economy.
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